Abstract. The Ito-Michler theorem asserts that if no irreducible character of a finite group G has degree divisible by some given prime p, then a Sylow p-subgroup of G is both normal and abelian. In this paper we relax the hypothesis, and we assume that there is at exactly one multiple of p that occurs as the degree of an irreducible character of G. We show that in this situation, a
Introduction
Let G be a finite group, and fix a prime p. One of the fundamental results of character theory is the Ito-Michler theorem, which asserts that if no irreducible character of G has degree divisible by p, then a Sylow p-subgroup P of G is abelian and is normal in G. (As is well known, the converse of this is true too, and is much more elementary.)
What if only a few of the irreducible character degrees of G are divisible by p? Does this imply that in some sense, P is almost abelian and is almost normal in G? In this paper, we test these ideas by going one step beyond the Ito-Michler theorem: we assume that just one irreducible character degree of G is divisible by p, and we show that P has derived length at most 2 and that P/O p (G) is under control. In particular, if P is not normal, we have the following. Theorem A. Let G be a finite group with exactly one irreducible character degree n divisible by p, and let P ∈ Syl p (G). Write U = O p (G), and assume that U < P . Then (a) U is abelian.
(b) P/U is abelian, and if G is p-solvable, P/U is cyclic. (c) |P/U| = n p , the p-part of n. (d) P/U is a TI-set in G/U .
We mention that if G is not p-solvable, then the group P/U of Theorem A need not be cyclic. A counterexample is G = M 11 with p = 3.
Recall that for groups that are not p-solvable, the proof of the Ito-Michler theorem requires an appeal to the classification and representation theory of simple groups. As might be expected, the proof of our Theorem A is considerably more involved, and even in the p-solvable case it requires information about representations of simple and almost simple groups. (Sections 6 and 7 of this paper contain the representation theory that we need.)
In the situation of Theorem A, where the Sylow p-subgroup P is not normal, it is clear that P has derived length at most 2. In fact, we can obtain more precise information about P , whether or not it is normal. Corollary B. Let G be a finite group with exactly one irreducible character degree n divisible by p, and let P ∈ Syl p (G). If θ ∈ Irr(P ), then θ(1) lies in the set {1, n p }, and in particular, P is metabelian.
Corollary B suggests that perhaps in general the number of distinct irreducible character degrees of a Sylow p-subgroup P of an arbitrary finite group G is at most one more than the number of irreducible character degrees of G that are multiples of p. (As is well known, that would imply that the derived length of P is also bounded by this number.) This, in fact, was the idea that originally motivated this project.
We should remark that another invariant relating the character degrees of G and the structure of a Sylow p-subgroup P of G has been studied previously: the number k of different p-parts of the irreducible character degrees of G. (See [I1, M1, M2] .) Most of the known results in that direction refer only to solvable groups, and although some inequalities hold, it is not true even for solvable groups that the derived length of P is at most k. (This fails even if k = 2.)
We also obtain some additional structural information about non-p-solvable groups that have just one irreducible character degree divisible by p.
Theorem C. Let G be a finite group with exactly one irreducible character degree divisible by p. Assume that G is not p-solvable, and let U = O p (G) and K/U = O p (G/U ). Then K is the unique largest normal p-solvable subgroup of G. Also, G/K has a simple socle S/K, and |G : S| is not divisible by p.
In fact, the simple group S/K in Theorem C must be one of M 11 , J 1 , or P SL 2 (q). (See Corollary 7.5.)
Preliminaries
Although our notation is more or less standard and follows [I2] , it is worth mentioning a few specific items here. If G is a finite group, then cd(G) is the set of irreducible character degrees of G. If N G and θ ∈ Irr(N ), then G θ is the stabilizer of θ in G and Irr(G|θ) is the set of characters χ ∈ Irr(G) that lie over θ. In this situation, we will use the notation cd(G|θ) = {χ(1) | χ ∈ Irr(G|θ)}.
For convenience, we will say that a finite group G is a one-p-degree group if cd(G) contains at most one multiple of the prime p. It is useful to observe that homomorphic images of one-p-degree groups are again one-p-degree groups (and this is the reason that we include as one-p-degree groups the groups having no irreducible character of degree divisible by p). Since the Ito-Michler theorem guarantees that cd(G) contains a multiple of p unless a Sylow p-subgroup of G is both normal and abelian, it follows that if G is a one-p-degree group and a Sylow subgroup of G either fails to be normal or fails to be abelian, then cd(G) does contain a (necessarily unique) multiple of p.
We start by deducing Corollary B from Theorem A.
Proof of Corollary B. First, suppose that P G. If α ∈ Irr(P ), let χ ∈ Irr(G) lie over α. Then α(1) = χ(1) p by Corollary 11.29 of [I2] , and the result is immediate in this case. We can thus assume that P is not normal, and so Theorem A applies. Let U = O p (G), and let λ ∈ Irr(U ). Then λ is linear because U is abelian by Theorem A, and we claim that either λ extends to P or that λ P is irreducible. To see that this will complete the proof, let α ∈ Irr(P ) and let λ ∈ Irr(U ) lie under α. If λ P ∈ Irr(P ), then α = λ P , and so α(1) = |P : U | = n p , by Theorem A. If, on the other hand, λ extends to P , let ψ ∈ Irr(P ) be an extension. Then by Gallagher's theorem (Corollary 6.17 of [I2] ) we have α = ψτ for some character τ ∈ Irr(P/U). Since P/U is abelian (again by Theorem A) we have τ (1) = 1, and so α(1) = ψ(1) = 1.
To prove that λ either extends or induces irreducibly to P , let T = G λ , the stabilizer of λ. If T ∩ P = U , then λ P is irreducible by the Clifford correspondence (Theorem 6.11 of [I2] ), and so we can assume that T ∩ P > U. Now T ∩ P is a full Sylow p-subgroup of T , since otherwise there would exist two distinct Sylow p-subgroups of G with intersection containing T ∩ P , and hence properly containing U . This contradicts the assertion in Theorem A that the Sylow p-subgroups of G/U are TI-sets.
If all members of Irr(G|λ) have degree n, then all members of Irr(T |λ) have degree n/|G : T |, and writing e = n/|G : T |, we have
it follows that e 2 divides |T : U |. Then (e p ) 2 = (|T : U | p ) 2 divides |T : U |, and thus |T : U | p = 1. This yields T ∩ P = U , which is a contradiction.
We conclude that there exists χ ∈ Irr(G|λ) with p -degree, and we write χ = ψ G , where ψ ∈ Irr(T |λ). Since |G : T | and ψ(1) divide χ(1), both are p -numbers. In particular, the Sylow p-subgroup T ∩ P of T is a full Sylow p-subgroup of G, and hence P ⊆ T . Also, ψ P has some irreducible constituent µ of degree not divisible by p, and thus µ is linear. Since µ lies over λ, it follows that λ extends to P , and this completes the proof.
For Theorems A and C, we need some facts about characters of groups having a nonabelian simple socle. We state what we need here, but we defer the proof to Section 7. Theorem 2.1 will enable us to prove Theorem A (but only for p-solvable groups) and Theorem C in full generality. To prove Theorem A in general, we will need an additional result on simple groups, which appears as Theorem 5.1. The proof of that result too will be deferred to Section 7.
Proof. Assume that U is not a full Sylow p-subgroup of G, so that there exists n ∈ cd(G) divisible by p. We proceed by induction on |G|. Now O p (G/U ) is trivial, and thus G/U fails to have a normal Sylow p-subgroup. If U > 1, the inductive hypothesis applies to G/U , and we conclude that G/U has a cyclic Sylow p-subgroup of order n p , as required. Also, if U is nonabelian, we can apply Lemma 2.4 to a nonlinear irreducible character of U , and we conclude that G/U has a normal Sylow p-subgroup, which is not the case. It follows that U is abelian, as required.
We can now assume that U = 1. Let N be a minimal normal subgroup of G. Since G is p-solvable and O p (G) = 1, we see that N is a p -group. Let K/N = O p (G/N ). If K = N , then by the inductive hypothesis applied to G/N , we conclude that G/N has cyclic Sylow p-subgroups of order n p , and thus the same is true about G. We can assume, therefore, that K > N.
By elementary group theory,
is a normal p-subgroup of K, and thus O p (K) = 1 and K is a p -group, which is not the case because K > N. Since N is minimal
We claim now that G/K is a p -group. Otherwise, K/N is not a full Sylow p-subgroup of G/N . By the inductive hypothesis applied to G/N , it follows that G/K has a cyclic Sylow p-subgroup. Now, all irreducible characters of K have ppower degree, and they also have p-power determinantal order since K = O p (K). Furthermore, K is not abelian since O p (K) = K and K is not a p-group. It follows that there exists a nonlinear character θ ∈ Irr(K). Lemma 2.4 now applies, and we conclude that G/K has a normal Sylow p-subgroup, proving the claim.
Since |G : K| is a p -number, it follows that if ψ ∈ Irr(K), then ψ(1) p = χ(1) p , where χ ∈ Irr(G|ψ), and thus since ψ(1) is a p-power, either ψ(1) = 1 or ψ(1) = n p , and this shows that cd(K) = {1, n p }.
, n p }, and thus λ lies in a K-orbit of size n p . Also, since cd(K|λ) = {n p } and λ extends to K λ , we see that cd(K λ |λ) = {1} by Gallagher's theorem, and thus K λ /N is abelian.
We argue next that K/N is abelian. Otherwise, there exists a nonlinear character η ∈ Irr(K/N ), and thus η(1) = n p . Since K λ /N is an abelian subgroup of K/N of index n p = η(1), it follows by Lemma 2.6 that η vanishes on K − K λ . In other words, if x ∈ K and η(x) = 0, then x lies in K λ for every linear character λ of N , and thus x ∈ C K (N ) = N ⊆ ker(η). It is not possible, however, for a nonprincipal character to vanish on every element outside of its kernel, and thus K/N is abelian, as claimed. Now let P ∈ Syl p (K), so that P is a Sylow p-subgroup of G. Then P is abelian, and it acts faithfully on N , and hence it also acts faithfully on the group A of linear characters of N . Furthermore, all P -orbits of nonidentity elements of A have size n p , and it follows by Lemma 2.5 that P is cyclic of order n p , as required.
At this point, we have almost completed the proof of Theorem A in the case where G is p-solvable. All that remains is to show that P/U is a TI-set in G/U , where U = O p (G) and P ∈ Syl p (G). To accomplish that, we prove a more general result than we need here; it will be used again to handle groups that are not psolvable. To prove this, we recall the following well known fact from the theory of coprime actions: if A acts coprimely on G and A fixes all conjugacy classes of G, then the action of A on G is trivial. (This follows, for instance, from Corollary 13.10 of [I2] .) Lemma 3.3. Let P be a p-group that acts on a p -group N , and assume that each P -orbit on Irr(N ) has size 1 or |P |. Then the same is true for the P -orbits on the elements of N .
Proof. It is a consequence of the Glauberman character correspondence that the actions of P on Irr(N ) and on the set of classes of N are permutation isomorphic.
(See Theorem 13.24(b) of [I2] .) It follows that every class of N that is not fixed by P lies in a regular P -orbit. Now let x ∈ N , and write D = C P (x). Assuming that 1 < D < P , we work to derive a contradiction.
Let B = C N (D) and E = N P (D). Then E acts on B, and this action is nontrivial since x ∈ B and C E (x) = D < E. It follows that some conjugacy class L of B is not E-invariant. By Corollary 13.10 of [I2] , intersection defines a bijection from the set of D-invariant classes of N to the set of all classes of B, and so it follows that L = K ∩ B, where K is some D-invariant class of N . Since K is Dinvariant and D > 1, the P -orbit of K is not regular, and thus K is P -fixed. This is a contradiction, however, since
Proof of Theorem 3.2. Let P ∈ Syl p (G). If Q ∈ Syl p (G) and P ∩ Q > 1, we argue first that KP = KQ. We have KP ∩ KQ ⊇ P ∩ Q > 1, and since K is a p -group, it follows that P ∩ Q ⊆ K, and hence KP ∩ KQ > K. By assumption, however, distinct Sylow p-subgroups of G/K intersect trivially, and thus KP = KQ, as claimed.
We show next that if θ ∈ Irr(K), then the P -orbit of θ has size 1 or |P |. In other words, we claim that if T ∩ P > 1, then P ⊆ T , where T = G θ . To see this, suppose first that some member of Irr(G|θ) has degree not divisible by p. Then p does not divide |G : T |, and so T contains a full Sylow p-subgroup Q of G, and we can assume that Q ⊇ T ∩ P . Then 1 < T ∩ P ⊆ Q ∩ P , and thus P ⊆ KP = KQ ⊆ T , as wanted. In the remaining case, cd(G|θ) = {n}. Since K is a p -group, θ extends to some character η ∈ Irr(S), where
is not divisible by p, and hence some irreducible constituent γ of η T has degree not divisible by p. Since γ ∈ Irr(T |θ), it follows that γ G is irreducible, and thus
T |, and it follows in this case that T is a p -group, and thus T ∩ P = 1, which is a contradiction.
We can now apply Lemma 3.3 to deduce that every element of K that is not fixed by P lies in a regular P -orbit. Now let Q ∈ Syl p (G), and suppose that D = P ∩ Q > 1. Since D > 1, the first paragraph of the proof shows that KP = KQ. Then P, Q ∈ Syl p (P K), and hence
Thus D > 1 centralizes k, which, therefore, does not lie in a regular P -orbit. Thus P centralizes k and Q = P k = P , as wanted.
To complete the proof of Theorem A in the case where G is p-solvable, it suffices to establish the following.
Corollary 3.4. Let G be a p-solvable one-p-degree group, and let
Proof. We can assume that U is not a full Sylow p-subgroup of G. By Theorem 3.1, we have that a Sylow p-subgroup of G/U is cyclic of order n p , where n is the unique member of cd(G) divisible by p. Since G/U is p-solvable and has an abelian Sylow p-subgroup, it follows that a Sylow p-subgroup of G/K is normal, where K/U = O p (G/U ). In particular, a Sylow subgroup of G/K is a TI-set. By Theorem 3.2 applied in the group G/U , we deduce that a Sylow p-subgroup of G/U is a TI-set, as required.
Theorem C
We are now ready to proceed to the case where G is not p-solvable, although our first two results hold in general. 
K , so that θ ∈ Irr(K), and note that θ(1) = |K : K λ | exceeds 1 and is a power of p.
We argue next that θ extends to
is a power of p, and hence, by Corollaries 8.16 and 11.31 of [I2] , it suffices to show that θ extends to S, where
Also, since θ is invariant in S, the action of K on the S-orbit of λ is transitive, and thus KQ = S. Now λ uniquely determinesλ, and soλ is Q-invariant. Also, Q/K λ is a p-group while the degree and order ofλ are p -numbers, and it follows thatλ extends to a linear character µ of Q, again by Corollary 8.16 of [I2] . Then (µ S ) K = (λ) K = θ, and this completes the proof.
Theorem 4.2. Let G be a one-p-degree group, and suppose R G is p-solvable.

Then either R has a normal Sylow p-subgroup or else G/R has a normal abelian Sylow p-subgroup.
Proof. Assume that R does not have a normal Sylow p-subgroup, and let
Then K is not a p-group, and so N > 1, where N = O p (K). If N < N, then Lemma 4.1 guarantees that K has a nonlinear irreducible character of p-power degree that extends to its stabilizer in G. By Lemma 2.4, therefore, G/K has a normal abelian Sylow p-subgroup, and thus the same is true for G/R.
We can now assume that N = N , and we let N/M be a chief factor of G, so that N/M is minimal normal in G/M . Also, N/M is p-solvable since R is p-solvable, and since N/M is not a p-group, it must be a p -group. By Lemma 2.3 applied in the group G/M , it follows that N/M is abelian, and this is a contradiction.
We can now prove Theorem C, which we restate here.
Theorem 4.3. Let G be a one-p-degree group that is not p-solvable, and let
Proof. Let R be the unique largest normal p-solvable subgroup of G. Since G/R is not p-solvable, it certainly does not have a normal Sylow p-subgroup, and hence R has a normal Sylow p-subgroup by Theorem 4.2. It follows that R = K, as required.
We can now replace G by G/K, and so we assume that G has no nontrivial normal p-solvable subgroup. Let N be the socle of G, so that N is a direct product of nonabelian simple groups of order divisible by p. Our goal is to show that N is simple and that p does not divide |G : N |.
Let L, M and C be as in Lemma 2.2, so that L is the product of all but one of the simple factors of
, and N/L is a nonabelian simple group of order divisible by p. By Ito-Michler, there exists ϕ ∈ Irr(N/L) with degree divisible by p. Let θ ∈ Irr(NC/C) with θ N = ϕ, and let α ∈ Irr(M |θ). Since NC/C is the socle of M/C, we see that α is a faithful character in Irr(M/C) and its degree is divisible by p. Now α G is irreducible by Lemma 2.2, and also |G : NC| is not divisible by p.
Since n is the only character degree of G divisible by p, it follows that no irreducible character of N can have degree with the p-part exceeding n p = ϕ(1) p . But L = ker(ϕ) is a direct factor of N , and thus no irreducible character of L has degree divisible by p. Since L is a direct product of simple groups of order divisible by p, we conclude that L = 1, and so N is simple. Now C G and C ∩ N = 1, and since N is the socle of G, it follows that C = 1. Then NC = N , and since we know that |G : NC| is not divisible by p, the proof is complete.
Theorem A
In order to prove Theorem A in full generality, we need an additional fact about simple groups. (So far, the only facts on simple groups that we have used are contained in Theorem 2.1.) We defer the proof of the following to Section 7. Basically, what remains is to show the following.
Theorem 5.2. Let G be a one-p-degree group that is not p-solvable, and let
We need the following two lemmas.
Lemma 5.3. Let P ∈ Syl p (G), and suppose that θ ∈ Irr(P ) has the property that every character χ ∈ Irr(G|θ) satisfies χ P ∈ Irr(P ). Assume also that P/O p (G) is abelian. Then G has an abelian subgroup of order |G : P |.
, and let ψ ∈ Irr(N |θ). Then every member χ ∈ Irr(G|ψ) restricts irreducibly to P and hence to N , and thus χ N = ψ. It follows by Lemma 12.17 of [I2] , that W G, where W = g ∈ N | ψ(g) = 0 . (In other words, W is the "vanishing-off" subgroup of ψ.) Let V = UW and Q = V ∩P . Then since V ⊆ N , we see that V normalizes P , and thus V normalizes Q. But V G, and thus Q = V ∩ P is a normal Sylow p-subgroup of V , and hence Q G. Now ψ P = θ, and hence ψ P V is irreducible. But ψ vanishes outside of P V , and so
, and N/Q is the normalizer in G/Q of the Sylow p-subgroup P/Q. Also, since U ⊆ Q, it follows that P/Q is abelian. It is thus central in N/Q, and hence G/Q has a normal p-complement A/Q by Burnside's theorem. Now let ϕ be an irreducible constituent of θ Q . We argue that every member of Irr(A|ϕ) has p-power degree. Let α ∈ Irr(A|ϕ), and observe that θ is a constituent of (α Q ) P = (α G ) P , and thus some irreducible constituent χ of α G is a member of Irr(G|θ). Then χ(1) = θ(1) is a p-power, and since A G and α lies under χ, it follows that α has p-power degree, as wanted.
Since A/Q is a p -group, we see that ϕ(1) = (ϕ A (1)) p , and thus some irreducible constituent α of ϕ A has degree with p-part not exceeding ϕ(1). Since α(1) is a p-power and α(1) ≥ ϕ(1), it follows that α(1) = ϕ(1), and thus α is an extension of ϕ. Since Q A, it follows by Gallagher's theorem that if β is an irreducible character of A/Q, then αβ ∈ Irr(A|ϕ), and hence β(1) is a p-power. But A/Q is a p -group, and thus β(1) = 1, and A/Q is abelian. A complement for Q in A/Q is thus an abelian subgroup of G of order |G : P |, as desired.
Lemma 5.4. Let N G and β ∈ Irr(N ) be G-invariant, and assume that cd(G|β) = {e}. Suppose that the degree and determinantal order of β are powers of p, and let P/N ∈ Syl p (G/N ). Then e is a power of p, and every member of Irr(G|β) restricts irreducibly to P .
Proof. Let q be a prime different from p, and let S/N ∈ Syl q (G/N ). Then β extends to γ ∈ Irr(S) by Corollary 8.16 of [I2] , and since q does not divide γ(1), some irreducible constituent of γ G also has q -degree. Thus q does not divide e, and hence e is a p-power. Now let θ ∈ Irr(P |β). Then θ G has degree θ(1)|G : P |, which must be a multiple of e, and thus since e is a p-power, it follows that e divides θ(1). But if χ ∈ Irr(G|θ), then e = χ(1) ≥ θ(1), and equality holds. Then χ P = θ, and the proof is complete.
Proof of Theorem 5.2. Let β ∈ Irr(U ), and suppose that β(1) > 1. We work to derive a contradiction. Since β(1) is divisible by p, we have cd(G|β) = {n}, where n is the unique member of cd(G) that is divisible by p. If T = G β , therefore, then cd(T |β) = {e}, where e = n/|G : T |.
Let Q ∈ Syl p (T ) and Q ⊆ P ∈ Syl p (G). By Lemma 5.4, we deduce that e is a power of p and that every member of Irr(T |β) restricts irreducibly to Q.
By Theorem C, we know that G/K has a simple socle, where K is the largest p-solvable normal subgroup of G, and also that K/U is a p -group. By Theorem 5.1, the Sylow p-subgroups of G/K are abelian of order n p , and the same is therefore true about G/U . Thus P/U is abelian of order n p , and hence
If θ ∈ Irr(Q|β), then we know that every member of Irr(T |θ) restricts irreducibly to Q, and so by Lemma 5.3, it follows that T has an abelian subgroup of order |T : Q|, and thus the same is true for T/U. Now G/K does not have a normal Sylow p-subgroup, and so by the Ito-Michler theorem, there exists ξ ∈ Irr(G/K) with ξ(1) = n. Let η be an irreducible constituent of ξ T , so that ξ is a constituent of η G , and we have
and since U ⊆ ker(η) and A/U is abelian, we have η(1) ≤ |T : A| = e. It follows that η(1) = e, and thus ξ(1) = η(1)|G : T | and therefore ξ = η G . Also, since η(1) = |T/U : A/U |, we deduce that η (and therefore ξ) is induced from a linear character of the abelian subgroup A/U of G/U . In particular, since K ⊆ ker(ξ), we have K ⊆ A, and thus viewing ξ as a character of G/K, we see that it is induced from a linear character of the abelian subgroup A/K. By Lemma 2.6, it follows that A/K contains a normal subgroup N/K of G/K and that ξ vanishes on G − N . But then N > ker(ξ) ⊇ K, and this is impossible since K is maximal among p-solvable normal subgroups of G, and yet N > K and N/K is abelian. This completes the proof.
We are finally ready to prove Theorem A, which we restate here.
Theorem 5.5. Let G be a finite group with exactly one irreducible character degree n divisible by p. Let P ∈ Syl p (G) and U = O p (G), and assume that U < P . Then
Proof. By Theorem 3.1 and Corollary 3.4 we may assume that G is not p-solvable. In particular, a Sylow p-subgroup of G is not normal. Let U = O p (G), and let K/U = O p (G/U ), as in Theorem C. By Theorem C, we know that Theorem 5.1 applies to G/K, and hence the Sylow p-subgroups of G/K are abelian TI-sets of order n p , where n is the unique multiple of p in cd(G/K) and hence in cd(G). It follows by Theorem 3.2 that the Sylow p-subgroups of G/U are abelian TI-sets of order n p . The result now follows from Theorem 5.2.
Almost simple groups I
Here and in the next section, we prove Theorems 2.1 and 5.1. Our proofs would be substantially easier if we wanted these results only for simple groups, but we do, in fact, need them more generally for almost simple groups. Recall that a finite group G is almost simple if its socle is a nonabelian simple group S. In this case, C G (S) = 1, and we can assume that S G ⊆ Aut(S).
We will rely heavily on the Deligne-Lusztig theory of complex representations of finite groups of Lie type (see [C] and [DM] ).
Recall that if and p are primes and n is a positive integer, then is a Zsigmondy prime divisor of p n − 1 if divides p n − 1, but does not divide p m − 1 for 0 < m < n. In fact, Zsigmondy prime divisors almost always exist.
Lemma 6.1. Let p be a prime and n ≥ 2 an integer. Assume that (p, n) = (2, 6) and, if n = 2, assume in addition that p is not a Mersenne prime. Then p n − 1 has a Zsigmondy prime divisor and every such Zsigmondy prime divisor is at least n + 1.
Proof. See [Zs] .
In the following, with q fixed by the context, we write Φ m to denote Φ m (q), where Φ m (x) is the m th cyclotomic polynomial. Also, we will consider a number of variants of finite groups of Lie type as defined in [KL] , and we will utilize certain semisimple elements in finite groups of Lie type whose existence was established in [MT] . 
In this table, L is the Lie-type group of simply connected type corresponding to G.
Proof. This is a combination of Lemmas 2.3 and 2.4 of [MT] .
The semisimple elements mentioned in Lemma 6.2 will be exploited in the following. 
Then χ s is not σ-invariant.
Proof. This is Lemma 2.5 of [DNT] .
The following observation is well known.
Lemma 6.4. Let G be a connected reductive algebraic group in characteristic p, let F be a Frobenius map on G, and let G = G F . Then the kernel of every unipotent character of G contains Z(G).
Proof. Observe that every unipotent character χ of G is the sum of a linear combination of the Deligne-Lusztig characters R G T ,1 and an orthogonal function f . Furthermore, f vanishes at any semisimple element of G (see for instance Lemma 10.2 of [GT] ). In particular, f (z) = 0 = f (1) if z ∈ Z(G). On the other hand, the explicit character formula for R G T ,1 (see [C] ) implies that R Proof. The sporadic groups and A 6 can be checked by using [Atlas] or the GAP software. Consider the case S = A n with n ≥ 7. For a partition λ of n, let [λ] be the irreducible character of G = S n labeled by λ. Note that the characters [(n−2, 1
2 )] and [(n−2, 2)] have degrees (n(n − 3)/2)+1 and n(n−3)/2, respectively, so exactly one of them has even degree, and both restrict irreducibly to S. Let α be the restriction to S of the one of even degree.
Assume first that n is odd. In this case [(n − 1, 1)] has even degree n − 1 and it restricts irreducibly to S. We let β = [(n − 1, 1)] S . If α = [(n − 2, 1 2 )] S , then α(1) = (n − 1)(n − 2)/2. Choosing an odd prime divisor p of n − 2, we see that p divides α(1) but not β(1). If α = [(n − 2, 2)] S , then the greatest common divisor (α(1), β(1)) divides 2. Also, α(1), β(1) ≥ 6, and so there exists some odd prime p which divides exactly one of α(1) or β(1).
Assume finally that n is even. Then [(n−3, 2, 1)] has even degree n(n−2)(n−4)/3 and it also restricts irreducibly to S. We denote its restriction to S by β. Suppose that α(1) = n(n − 3)/2. Now if n − 3 = 3 a , then there is some prime divisor p ≥ 5 of n − 3, and p divides α(1) but not β(1). If n − 3 = 3 a , then 3 2 does not divide n. It follows that p = 3 divides α(1) but not β(1). Finally, suppose α(1) = (n − 1)(n − 2)/2. Now if n − 1 = 3 a , then there is some prime divisor p ≥ 5 of n − 1, and p divides α(1) but not β(1). If n − 1 = 3 a , then since n ≥ 7, we see that 3
2 does not divide n − 4. It follows that p = 3 divides α(1) but not β(1). (1) First consider the case where G = SL n (q) for some integer n ≥ 2. If n = 2, we get conclusion (ii), so we will assume that n ≥ 3. Recall that α(1) = q n(n−1)/2 . Suppose that there exists a Zsigmondy prime divisor r of p (n−1)f − 1. In particular r ≥ (n − 1)f + 1 ≥ 2f + 1 and (r, q − 1) = 1, whence (r, |Out(S)|) = 1. Then we choose = r and we let β be the unipotent character labeled by the partition (n − 1, 1). This character has degree q(q n−1 − 1)/(q − 1). It remains to consider what happens when there is no such Zsigmondy prime r. These are the cases (n, q) = (7, 2), (4, 4), or n = 3 and q = p is a Mersenne prime. If (n, q) = (7, 2) or (4, 4), then |Out(S)| divides 2 2 , so we can choose β as above and = 7. Assuming that we are in the latter case, it is easy to check that H = P GL 3 (q) has an irreducible character χ of degree q(q 2 + q + 1), that S is a normal subgroup of H of index (3, q − 1), and that |Out(S)| = 2(3, q − 1). Now choose to be a Zsigmondy prime divisor of q 3 − 1 and let β be an irreducible constituent of χ S . Then ≥ 5 and p | β(1).
(2) Next, we consider the case G = SU n (q) for some n ≥ 3, so that α(1) = q n(n−1)/2 . First suppose that n ≥ 4 is even. The case (n, q) = (4, 2) can be handled directly using [Atlas] , so we will assume that (n, q) = (4, 2). Hence there exists a Zsigmondy prime divisor of p 2(n−1)f − 1. In particular, ≥ 2(n − 1)f + 1 ≥ 6f + 1 and ( , q +1) = 1, whence ( , |Out(S)|) = 1. Choose β to be the unipotent character labeled by the partition (n − 1, 1), so that β has degree q(q n−1 + 1)/(q + 1). Now we assume that n ≥ 5 is odd. Suppose that there exists a Zsigmondy prime divisor of p (n−1)f − 1. In particular ≥ (n − 1)f + 1 ≥ 4f + 1 and ( , q + 1) = 1, whence ( , |Out(S)|) = 1. In this case, we choose β to be the unipotent character labeled by the partition (n − 1, 1). Also β has degree q(q n−1 − 1)/(q + 1). It remains to consider the situation where there is no Zsigmondy prime , so that (n, q) = (7, 2). In this case |Out(S)| = 2, so we can choose β as before and take = 7.
Finally, assume that n = 3 (and q ≥ 3). Then there exists a Zsigmondy prime divisor of p 6f − 1. Observe that |(q 2 − q + 1), ≥ 6f + 1, and so ( , |Out(S)|) = 1. It is easy to check that H = P GU 3 (q) has an irreducible character χ of degree q(q 2 − q + 1) and that S is a normal subgroup of H of index (3, q + 1). Choose β to be an irreducible constituent of χ S so that p divides β(1).
(3) Next assume that G is of type B n or C n with n ≥ 2. In particular, α(1) = q n (q n + 1)(q n − q)/2(q − 1). Since q > 2, there exists a Zsigmondy prime divisor of p 2nf − 1. Now observe that p divides β(1) and ≥ 2nf + 1 ≥ 4f + 1, and thus ( , |Out(S)|) = 1.
Assume that q = 2. Since Sp 4 (2) ∼ = A 6 , we may assume n ≥ 3. Now S ∼ = G = Sp 2n (q) and G is isomorphic to its dual G * . Choose λ ∈F q of order q + 1, and let
has a unipotent character ψ of degree q (n−1)
2 . Choosing β to be the character of G labeled by s and ψ, we get β(1) = q (n−1)
2 (q 2n − 1)/(q + 1). Finally, we can choose to be a Zsigmondy prime divisor of q 2n − 1 if n ≥ 4 and = 7 if n = 3. (4) Let G be of type D n , where n ≥ 4. In particular G = Spin 2n (q) with = ± and α(1) = q n(n−1) . Now we can choose β to be the (unique) irreducible constituent of degree (q 2n − q 2 )/(q 2 − 1) of a rank 3 permutation character of G. (See [ST] , for instance.) Also, choose to be a Zsigmondy prime divisor of p (2n−2)f − 1 if (n, q) = (4, 2) and = 7 if (n, q) = (4, 2). Since |Out(S)| divides 24f , we see that p divides β(1) and ( , |Out(S)|) = 1.
(5) Finally, we consider the exceptional groups of Lie type. If G = G 2 (q) with q ≥ 3 (respectively, F 4 (q) ), then we can choose β to be a unipotent character of degree (q − 1) q/2 (respectively, (q 2 − 1) q/3, q 5 Φ 6 Φ 12 (or half of it if q = 2)). In these cases, we choose to be a Zsigmondy prime divisor of p mf − 1, with m = 1 (respectively, m = 2, m = 12).
Theorem 6.7. Let S be a finite simple nonabelian group. Then one of the following holds.
(i) There is a prime p not dividing |Out(S)| and α, β ∈ Irr(S) of even degree such that p divides exactly one of α(1) or β(1).
(ii) S ∼ = P SL 2 (q) for some q = 2 f ≥ 4, and S has a unique irreducible character of even degree.
Proof. In view of Lemma 6.5 and Proposition 6.6, we need to consider only the case where S is a finite simple Lie-type group over a field F q in characteristic p > 2. We will use the notation of the proof of Proposition 6.6. In particular, observe that Φ m is even if and only if m = 2 a for some a ≥ 0. (1) First we consider the case of the exceptional groups. In all but one case, we will exhibit two unipotent characters α, β of even degree, and a prime such that divides β(1) but not α(1) · |Out(S)|. The prime is chosen to be a Zsigmondy prime divisor of p mf − 1 for a suitable m. The degrees of α, β and the integer m are: qΦ m=5,7,8,9,10,14,18 Φ m , q 10 m=5,7,8,9,10,12,14,18 Φ m , and m = 12 if S = E 7 (q); qΦ m=7,8,9,12,14,20,24,30 G 2 (q), then one can choose α of degree (q 2 − 1) q/3, a Zsigmondy prime divisor of p 6f − 1, and β of degree (q 2 − 1)(q + √ 3q + 1), where = ± is chosen such that |(q + √ 3q + 1). From now on we may assume that S is a classical group. (2) Assume that S = P SL 2 (q). Since P SL 2 (4) ∼ = P SL 2 (5), we may assume that q ≥ 7, whence S has irreducible characters of degrees q − 1 and q + 1. If f ≥ 2, then since p ≥ 3 there exists a Zsigmondy prime divisor of p 2f − 1, and ≥ 2f + 1. In this case we choose α(1) = q − 1 and β(1) = q + 1. If f = 1, then |Out(S)| = 2, and either q + 1 or q − 1 is not a 2-power. In this case choose to be an odd prime divisor of q − for some = ±1, and choose α(1) = q + and β(1) = q − .
(3) Here we consider the case S = P SL n (q), where = + stands for P SL n (q) and = − stands for P SU n (q).
(3a) First assume that n = 3. Then we can choose α of degree q(q − ). It is easy to see that H = P GL 3 (q) has an irreducible character χ of degree q 3 − and that S is a normal subgroup of H of index (3, q − ). Since p ≥ 3, there is a Zsigmondy prime divisor of p 3f − 1 if = + and of p 6f − 1 if = −. Clearly, ≥ 3f + 1. Now we just choose β to be an irreducible constituent of χ S and observe that 2 |β(1) but does not divide α(1) · |Out(S)|.
(3b) Next assume that S = P SL n (q) with n ≥ 4. Assume in addition that n is odd if = −. Since p ≥ 3, there is a Zsigmondy prime divisor p 1 of p nf − 1 if = + and of p 2nf − 1 if = −. By Lemma 6.2, there is a semisimple element s 1 ∈ G * of order p 1 , which has connected centralizer in G * and
in its kernel, and so we can take α = χ s 1 . Next, we choose θ ∈F q of order q 2 + q + 1 and consider a semisimple element
, and S is a normal subgroup of H of index (n, q − ). Now take β to be an irreducible constituent of (χ s 2 ) S and = p 1 .
(3c) Now we assume that S = P SU n (q) with n ≥ 4 and n even. Since p ≥ 3, there is a Zsigmondy prime divisor p 1 > 2(n − 1)f of p 2(n−1)f − 1. By Lemma 6.2, there is a semisimple element s 1 ∈ G * of order p 1 , which has connected centralizer in G * and |C G * (s 2 )| = q n−1 + 1. Thus it defines a semisimple character χ s 1 of G of degree (q n − 1)
. Now take α = χ s 1 , choose β as in (3b) and set = p 1 .
(4) For the remaining classical groups, notice that any semisimple element s ∈ G * of odd order has a connected centralizer in G * . Hence it corresponds to a character χ s ∈ Irr(G) with its kernel containing Z(G).
Assume that S = P Sp 2n (q) or Ω 2n+1 (q) with n ≥ 2. Since p is odd, there is a Zsigmondy prime divisor p 1 > 2nf of p 2nf −1. By Lemma 6.2, there is a semisimple element s 1 ∈ G * of order p 1 with |C G * (s 1 )| p = q n + 1. Now χ s 1 has degree equal to (q n − 1)
, and we can take α = χ s 1 . Assume that n ≥ 3. Then there is a Zsigmondy prime divisor p 2 > 2(n − 1)f of p 2(n−1)f − 1. By Lemma 6.2, there is a semisimple element s 2 ∈ G * of order p 2 with
i=2 (q 2i − 1), and we can take β = χ s 2 . Observe that p 1 > 2nf divides β(1) but not α(1), so we can take = p 1 . Now suppose that n = 2 and so S ∼ = P Sp 4 (q). Then choose θ ∈F q of order q + 1 and consider a semisimple element s 3 ∈ H * = Sp 4 (q) which is G-conjugate to diag(θ, θ q , 1, 1). Then C H * (s 3 ) = C q+1 × Sp 2 (q), and so s 3 defines a semisimple character χ s 3 of H = P CSp 4 (q) of degree (q −1)(q 2 +1) and S is a normal subgroup of H of index 2. Now we choose β to be an irreducible constituent of (χ s 3 ) S and = p 1 .
(5) Finally, assume that S = P Ω 2n (q) with n ≥ 4 and = ±. Since p ≥ 3, there is a Zsigmondy prime divisor p 1 > 2(n − 1)f of p 2(n−1)f − 1. By Lemma 6.2, there is a semisimple element s 1 ∈ G * of order p 1 with |C G * (s 1 )| p = (q n−1 + 1)(q + ). 
. If n is even, then there is a Zsigmondy prime divisor p 2 > (n − 1)f of p (n−1)f − 1. By Lemma 6.2, there is a semisimple element s 2 ∈ G * of order p 2 , which defines a semisimple character χ s 2 of S of degree (q + 1)(q n−1 + 1)(q n − 1) n−2 i=2 (q 2i − 1). In both cases, we choose β = χ s 2 and observe that = p 1 divides β(1) but not α(1).
Almost simple groups II
We continue to prove several further results on almost simple groups. Proof. (1) By hypothesis, S G ≤ Aut(S), whence p divides |Out(S)| but not |S|. Now the well known description of Out(S) (see for instance [GLS] ) implies that S is a finite simple group of Lie type in some characteristic r = p and p is the order of some field automorphism of S. We will view S as L/Z(L), where L = G F for some simple simply connected algebraic group G in characteristic r and some Frobenius map F on G. Let the pair (G * , F * ) be dual to (G, F ) and set H = G * F * . Up to Aut(S)-conjugacy (which does not change the isomorphism type of S), we may assume that G contains the field automorphism σ of order p of S, which is induced by a field automorphism (which without loss we also denote by σ) of standard form of the (abstract) group G (see [GLS] ). Let σ * denote the corresponding automorphism of G * . By Lemma 2.5.5 of [GLS] , we have that
Let π 1 (G * ) denote the fundamental group of G * as usual. Assume that = r is a prime divisor of |H| = |L| such that (A2) is coprime to the orders of
, and Out(S).
N ≤ 2n, so it cannot be equal to any i . Now Lemma 6.2 provides us with the desired elements s 1 , s 2 . Furthermore, 1 divides 
(1) unless α is self-conjugate, which happens exactly when n = 2p − 1. If p does not divide n(n + 1), then we set β = (n − p + 2, 1 p−2 ). Then [β] has degree divisible by p. Indeed,
which happens exactly when n = 2p − 3. Now assume that p does not divide n(n + 1) and n = 2p − 2. Then 
(2) Here we consider the case 5 ≤ p | (n + 1). Since p ≤ n, we must have n ≥ 2p − 1. Setting γ = (n − p + 2, 2, 1 p−4 ), we observe that p divides
As in (1) 
It follows that n divides 2(n − p + 2), which is a contradiction as n ≥ 2p − 1. Next we assume that 5 ≤ p | n. Then [(n − 2, 2)] and (n − 2, 2) have degree n(n − 3)/2 divisible by p, and [(n − 3, 2, 1)] and (n − 3, 2, 1) have degree n(n − 2)(n − 4)/3, also divisible by p. These degrees are distinct since n > 5.
(3) Here we consider the case where p = 3|n(n + 1). First assume that 3|(n + 1). The statement is clear in the case n = 8 (see the [Atlas] ), so we may assume n ≥ 11. Then [α] and α have degree (n − 1)(n − 2)/2 divisible by 3. Also, [(n − 5, 1
5 )] has degree n − 1 5 divisible by 3, which is greater than (n − 1)(n − 2), so we are done.
Now assume that 3|n and n ≥ 9. Then [(n − 2, 2)] and (n − 2, 2) have degree n(n − 3)/2 divisible by 3, and [(n − 4, 2, 1 2 )] and (n − 4, 2, 1 2 ) have degree n(n − 2)(n − 3)(n − 5)/8 divisible by 3. These degrees are distinct since n > 6.
(4) Finally, assume that n = 2p − 2 and p ≥ 5. We already mentioned in (1) that [α] and α have degree 2p (
Proof.
(1) The case where S is a sporadic simple group can be directly verified by using [Atlas] or GAP. On the other hand, the case of alternating groups is done in Proposition 7.2. Recall that A 5 ∼ = P SL 2 (5) and A 6 ∼ = P SL 2 (9). If we assume that S is a finite group of Lie type in characteristic p, then the statement follows from Proposition 6.6. So we may assume that S is a finite group of Lie type in characteristic r = p and not of type A 1 .
We claim that it is enough to show that there exists some group H with S H ≤ Aut(S) = A, possessing characters γ, δ ∈ Irr(H) such that
or there is some prime that divides γ(1) but not δ(1) · |Out(S)|.
Indeed, writing γ S = t i=1 γ i for some γ i ∈ Irr(S), we know that t divides |H/S|. But γ(1) p > |H/S| p , hence p|γ i (1). Now choose α ∈ Irr(G) to be an irreducible constituent of (γ A ) G such that α S contains γ 1 . Since S G, we conclude that p|α(1) and α is faithful on S. Similarly, there is a faithful character β ∈ Irr(G) of In what follows we will usually use this claim in the following set-up. Consider a simple algebraic group G of adjoint type and a Frobenius map F on G such that S = [H, H] for H = G F . Let L denote the dual group of H. Since H is of adjoint type, any semisimple element s in L has a connected centralizer (in the dual group G * ), and so it defines an irreducible character χ s of H of degree |L : C L (s)| r . We will also frequently choose γ or δ to be some unipotent characters of H.
(2) Consider the case H = E 8 (q). Notice that H = S and |Out(S)| ≤ q/2. According to [C, p. 487] By the claim in (1), we are done unless p|Φ i for i = 3, 6, 9, 12, 18, 24. In this latter case, choose γ and δ to be the unipotent characters labeled as ϕ 2835,14 and ϕ 567, 6 in [C, p. 484 The other exceptional groups over F q can be dealt with similarly. In all cases, |Out(S)| ≤ 3q. For each of them, we will indicate a few pairs of unipotent characters (γ i , δ i ) such that, for each prime divisor p = r of |S|, the assumptions (B1), (B2) in (1) are satisfied for at least one pair. In the cases when G gives rise to different isogenous finite groups of the same order, the notation for H will carry the subscript ad.
If H = E 7 (q) ad , then we consider unipotent characters γ 1 , δ 1 , labeled as (E 6 [θ], ε) and (E 6 [θ], 1), and γ 2 , δ 2 , labeled as ϕ 189,5 and ϕ 27,2 . If H = E 6 (q) ad , then we consider unipotent characters γ 1 , δ 1 , labeled as ϕ 64,13 and ϕ 64,4 , and γ 2 , δ 2 , labeled as (D 4 , ε) and (D 4 , 1). If H = 2 E 6 (q) ad , then consider unipotent characters γ 1 , δ 1 , labeled as ( 2 A 5 , ε) and ( 2 A 5 , 1), and γ 2 , δ 2 , labeled as ϕ 8,9 and ϕ 8,3 . If H = F 4 (q), then consider unipotent characters γ 1 , δ 1 , labeled as ϕ 8,9 and ϕ 8,3 , γ 2 , δ 2 , labeled as (B 2 , ε), and (B 2 , 1), and γ 3 , δ 3 , labeled as ϕ 4,13 and ϕ 4,1 . For H = Proof. Suppose (a) does not hold. By choosing p = 2 and applying Corollary 7.4, we see that S = P SL 2 (q) for some q = 2 f > 2. But then Irr(G) contains a character of degree q and a character of degree divisible by q + 1, a contradiction.
For ( Proof. Apply Corollary 7.5 to G. Since (p, |G/S|) = 1, every Sylow p-subgroup of G is contained in S, and we are done.
